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A new approach for developing fundamental equations of oxygen permeation
through thin mixed-conducting oxide ceramic is presented considering both surface
reactions on membrane-gas interfaces and the diffusion of charged species in the
bulk oxide. The essence of this work is the coupling of surface reactions with the
bulk diffusion using a novel approach which differs from the conventional Wagner
theory applicable only to limited cases. With this approach, fundamental equations
based on various permeation mechanisms can be derived for oxygen permeation
through thin mixed-conducting oxide membranes, which is impossible using con-
ventional approach. In general, the final results are a complex implicit equation
correlating the oxygen permeation flux to the driving force, membrane thickness,
and rate constants with physical significance in each step. Somewhat simpler the-
oretical oxygen permeation equations are obtained for some special cases (mixed-
conducting membranes with a rate-limiting step, ionic-conducting membranes, ionic-
conducting membranes with a reducing agent in permeate side). Theoretical results
derived using this new approach agree excellently with the experimental oxygen
permeation data. It is theoretically and experimentally shown that for ionic con-
ductors, the surface permeation parameter measured by the dynamic permeation
method is directly related to the oxygen isotope exchange rate constant measured

under equilibrium conditions.

Introduction

Inorganic membranes have recently attracted considerable
interest in the scientific community (Burggraaf et al., 1989;
Bhave, 1991). An emerging group of ceramic membranes are
those made of dense fast ionic ceramic conductors which have
a very large permselectivity for oxygen (Burggraaf et al., 1991;
Lin, 1992). Conventionally, these materials are used as elec-
trolytes (ionic conductors) and, in some cases, as electrodes
(mixed conductors) for solid oxide fuel cells and oxygen sensors
(Steele, 1987). The use of these fast ionic conductors as oxygen
semipermeable membranes is stimulated mainly by the struc-
tural simplicity of such a membrane device, for which no
electrodes and external electric connectors are required as com-
pared to the fuel cells.

Oxygen permeation (normally at elevated temperature)
through a dense solid oxide membrane is defined as a flux of
neutral oxygen passing through a unit permeating area of the
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film imposed with an oxygen chemical potential gradient. Stud-
ies on the oxygen permeation through the membranes made
of these fast-ionic conductors, especially when they are very
thin, are essential to the fabrication and practical application
of these dense ceramic membranes. Understanding of the per-
meation mechanisms involved in the oxygen transport through
these dense ceramic membranes is also important to oxygen
sensors, oxygen pumps, solid oxide fuel cells, and membrane
reactors for partial oxidative reactions. For example, the elec-
trochemical vapor deposition process, a technique used to fab-
ricate thin electrolyte layers for solid oxide fuel cells (Isenburg,
1982; Carolan and Michaels, 1990; Pal and Singhal, 1990; Lin
et al., 1990) relies essentially on the oxygen permeation through
the fast ionic conducting electrolyte materials.

Oxygen permeation through a fast ionic-conductor is a result
of oxygen ionic conduction using mechanisms that involve
defects such as lattice vacancies and interstitial atoms. Under
the influence of thermal agitation, these defects move ran-
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domly within the lattice. If certain unbalanced force (electric
field or pressure gradient) acts on the mobile species, this
random motion can be biased to produce a net drift motion.
Therefore, if a fast ionic conductor is imposed by the electric
field or by the pressure gradient of the gas of mobile species
in the conductor, the ions can move in one direction, resulting
in a net ionic flux through the conductor. In the absence of
macroscopic electric field, the ionic lattice should be neutral
everywhere. This overall charge neutrality requires that one
type of charged defect (for example, oxygen vacancies) must
be compensated by a second type of defect of opposite sign
(for example, electrons). Ceramic materials exhibiting both the
ionic and electronic conductivities are referred to as the mixed
conductors (Heyne, 1977; Kofstad, 1972).

The oxygen ion conduction in relatively thick layers of the
fast ionic conductors has been extensively studied because it
is directly related to metal corrosion and many other appli-
cations where these materials are used as electrolyte or elec-
trodes (Heyne, 1968, 1977; Kofstad, 1966, 1972). In
comparison, studies on oxygen permeation through thin dense
ceramic membranes made of the fast ionic conductors are very
limited. This is in part because using the mixed-conducting
materials as thin ceramic membranes is a relatively new con-
cept, and until recently most theoretical work in these areas
has been focused on the oxygen transport in electrolytes and
electrodes. The difficulty of fabricating gas-tight thin mixed-
conducting oxide membranes of different thickness and the
problems (for example, high-temperature sealing) associated
with high temperature oxygen permeation experiments might
be also responsible for the limited studies on oxygen permea-
tion through dense ceramic membranes.

It has been recently recognized that the oxygen permeation
through a mixed-conducting membrane consists of several steps
(Dou et al., 1985; Bouwmeester, 1991; Lin et al., 1990). In
Figure 1 an oxide membrane is schematically divided into the
bulk oxide and the adjacent interfaces, emphasizing both solid
state diffusion and surface electrochemical reactions in the
mass transport of the oxygen species. Among the limited ex-
perimental studies on oxygen permeation through fast ionic
conductors, almost all studies focused on the oxygen permea-
tion through relatively thick (>500 pm) stabilized zirconia
films which are essentially ionic conductors (Alcock and Chan,
1972; Palguev et al., 1972; Fouletier et al., 1976; Dou et al.,
1985; Park and Blumenthal, 1989; Bouwmeester et al., 1992).
In these studies, most researchers considered only the oxygen
transport through the bulk oxide. The oxygen permeation flux
could be described by the equation derived from the Wagner
theory, which assumes the oxygen transport in the bulk oxide
being the rate limiting step (Heyne, 1968, 1977; Kofstad, 1966,
1972).

The basic assumption made in the Wagner theory is the
existence of a local equilibrium between the two charged species
(for example, oxygen ion and electron) and a hypothetical
neutral species (for example, molecular oxygen) in the bulk
oxide (Heyne, 1977) (see Appendix). The resulting oxygen per-
meation flux (in mole of molecular oxygen) can be described
by (Heyne, 1977; Gellings and Bouwmeester, 1992):
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Figure 1. Oxygen transport through an oxide membrane.

where ¢; and ¢, are respectively the oxygen ionic and electronic
transfer numbers; o, is the total conductivity and g, is the
chemical potential of the hypothetical neutral oxygen in the
oxide. For ionic conductors (¢,=1) and assuming an ideal
thermodynamic behavior for the species involved, Eq. 1 is
reduced to:

RT (7% .
Jo,= gr SP . o,d(In P;) )

where o, is the electron conductivity which is a function of
oxygen partial pressure and PSZ is the partial pressure of the
hypothetical neutral molecular oxygen in the bulk oxide. In
the Wagner theory, this hypothetical pressure on the surface
of the oxide becomes the same as the oxygen partial pressure
in the ambient atmosphere. When electron-hole conduction is
primarily responsible for the electronic conductivity, which,
as a result, is proportional to P§*, the oxygen permeation flux
can be correlated to the oxide thickness L and oxygen pressures
in the two ambient atmospheres by (Dou et al., 1985; Park
and Blumenthal, 1989):

B

Jo=7 (Po* = P 1) (a)
with
RTo®
B="1p? (3b)

where g7 is the electron-hole conductivity of the materials ex-
posed to an atmosphere of 1 atm oxygen partial pressure.
Equation 3 has been used to describe the experimentally
measured oxygen permeation fluxes. Indeed for the thick oxide
films the experimental results are consistent with the theoretical
prediction (Alcock and Chan, 1972; Palguev et al., 1972; Fou-
letier et al., 1976; Dou et al., 1985; Park and Blumenthal,
1989; Bouwmeester et al., 1992). It is obvious, however, that
the surface charge transfer reactions can be very important
when the oxygen transport resistance in the bulk oxide becomes
very small as a result of the increase in ionic and electronic
conductivities or the decrease in film thickness. Applications
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of the fast ionic conductors as ceramic membranes are closely
related to these cases, in which both the surface reactions and
bulk diffusion should be considered.

Dou et al. (1985) appear to be the first to consider both the
surface reaction step and the bulk diffusion step in oxygen
permeation through calcia-stabilized zirconia films (an ionic
conducting oxide). Neglecting the surface reaction resistance
in interface I1 (lower oxygen pressure side), they proposed the
following two equations to describe the oxygen permeation
flux:

Jo,= (P, = Peily) @
J __E (Pm _P" 1/4) 5
02"'L 0x(D) 0,

where « is the surface permeation constant and Pg g is the
oxygen partial pressure of the hypothetical molecular oxygen
in the oxide at the interface 1. Equation 4 accounts for the
surface reaction and Eq. § is derived from Eq. 3 based on the
Wagner theory. Considering both surface reactions steps,
Bouwmeester et al. (1992) recently used the following three
correlations to describe the oxygen permeation through oxide
membranes:

Jo, = a (P = P& (6)
J _B P1/4 P1/4 (7
OI‘Z( [N O;(ll)) )
Jo, = a (P& — Po) ®)

Equations 4 and 5 and Egs. 6-8 could describe well the
experimental data reported by Dou et al. (1985) and
Bouwmeester et al. (1992). Nevertheless, these equations (es-
pecially the ones for the surface reactions) were employed as
empirical equations, as also pointed out by Bouwmeester et
al. (1992). As a result of the empirical nature, the physical
meaning of the parameter « and the order (1/2 or 5/8) on the
oxygen partial pressure in these equations is not certain. The
lack of the theoretical equations with physical significance for
oxygen permeation through thin dense oxide membranes is
mainly due to the unavailability of a theoretical approach
which allows coupling the surface reaction with the bulk dif-
fusion. The well-established Wagner theory has been proven
to work well for oxygen permeation through thick dense oxide
membranes in which the bulk diffusion is the rate-limiting step.
However, it is difficult, if not impossible, to use the conven-
tional Wagner approach to establish the rate equations for the
surface reactions and to integrate the surface reaction equa-
tions with the bulk diffusion equations.

Recently, there has been a growing interest in fabrication
and application of thin fast ionic-conducting ceramic mem-
branes for various novel processes. These processes include
oxygen separation using thin oxygen semipermeable ceramic
membranes (Burggraaf et al., 1991; Burggraaf and Lin, 1992;
Gur et al., 1992), electrochemical vapor deposition of solid
electrolyte films for fuel cells and oxygen sensors (Isenburg,
1981; Brian, 1989; Carolan and Michaels, 1990; Lin et al.,
1990), and oxidative chemical reactions using dense oxide
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membrane reactors (Hazbun, 1988; 1989; Hsieh, 1991; Geliing
and Bouwmeester, 1992). Both the surface reactions and the
bulk diffusion are important in the oxygen permeation through
the membranes used in these processes. Obviously, urgent needs
exist for the development of a theoretical approach on which
fundamental equations can be derived to correlate the oxygen
permeation flux through thin fast ionic-conducting ceramic
membranes. The objectives of this article are: (1) to report a
new approach which allows establishing the rate equations for
the surface reactions and bulk diffusion in mixed-conducting
solid oxide membranes and integrating the surface reaction
equations with the bulk diffusion equations; and (2) to dem-
onstrate the applications of this new approach for derivation
of fundamental equations correlating the oxygen permeation
flux to the deriving force and rate constants with physical
significance.

Theoretical Development

As shown in Figure 1, the oxygen permeation through a
mixed-conducting solid oxide membrane involves the following
rate steps: (1) reduction surface reaction on interface I; (2)
diffusion of charged species in the bulk oxide; and (3) oxidation
surface reaction on interface 1I. The surface reactions may
involve several sub-steps, such as adsorption or desorption of
oxygen and charge transfer reactions. In what follows, the
bulk diffusion and surface reaction equations are derived using
the new approach which is very different from the conventional
Wagner method. With this approach, the bulk diffusion equa-
tion can be readily coupled with the surface reaction rate equa-
tions for mixed-conducting solid oxide membranes. The final
results of these theoretical analysis are implicit (or explicit in
some cases) equations which correlate the oxygen permeation
flux to the oxygen partial pressures in the both sides of mem-
branes, the membrane dimension and the rate constants with
physical significance.

To demonstrate this approach, we focus on the transport
of two charged species in the bulk oxide. One typical charged
species is the oxygen vacancy, V5, which can be created by,
for example, doping a lower valence oxide (for example, Y,0;)
into a higher valence oxide (for example, ZrQ,) as:

1

r’ 3
Yol.s—’Yzﬁ”E Vo +§O)(() (A)

The Kroger-Vink notation (Kroger and Vink, 1956) is used in
reaction A and for other electrochemical reaction processes
described in this article. In the bulk oxide, the oxygen vacancy
moves from the lower P, side to the higher Py, side, expressed
as:

Véin)" Vow (B)

The other charge balancing species can be either electron-hole

or electron, whichever present depends on the membrane ma-

terials and oxygen pressure range. The electron transport di-
rections are indicated by:

hiy— hiy ©)

or

AIChE Journal



I ?
em ey (D)

Under steady state, the flux of charged species 1 (for example,
the oxygen vacancy) can be described by:

J; = —D,,VCI (9)
D,= (Z%ficz‘*‘ Z%fzzcx)D\Dz 10)
ZICIDI +ZZC2D2
dIn g X
f=5me (=1or?) (11

The derivation of Egs. 9 and 10 is given in the Appendix. f;
in Eq. 11 is called the thermodynamic factor (Heyne, 1977).
In general, f; is a function of the concentrations of the mobile
charged species (C,, C,). Equation 9 has the form of Fick’s
law, but the apparent diffusivity D, is a complex function of
the concentrations of the two mobile charged species (note that
the thermodynamic factor f, and f, are also functions of C,
and C,). Oxygen permeation through membrane is normally
one-dimensional, so Eq. 9 can be written as:

. dG
Ji=-D, al (12)
or
1 Cimy
J] = _ZS D,,dCl (13)

Cl(l)

where subscripts (I) and (11) indicate the concentrations of the
mobile charged species on interfaces I and II (still in the oxide),
respectively.

The local electroneutrality requirement gives (see Appendix):

Z|C1+Z2C2=21C10+22C20 (14)

where C? (i= 1 or 2) is the equilibrium concentration of mobile
charged species i when the oxide membrane is equilibrated to
an ambient atmosphere of Po, = 1 atm. It should be mentioned
that when the solid oxide membrane gets very thin, the local
electroneutrality assumption may be no longer valid. However,
it is not known at what membrane thickness the assumption
breaks down. This critical thickness depends on the membrane
materials and oxygen permeation conditions. To understand
that requires extensive experimental study. Nevertheless, using
the assumption of local electroneutrality is the starting point
of developing theories for oxygen permeation through thin
dense oxide membranes.

If the concentration dependence of f; and f; is known, the
integration in Eq. 9 becomes possible with the use of Eq. 14
to eliminate C, in D,. Thus, the flux J, is finally correlated to
D,, D,, C?, and Cj, which are the properties of membrane,
and Cyq, Ciay, Cogy» and Cygpy, Which can be coupled to the
equations describing the surface reactions. Analytical expres-
sion correlating J to C,yy, Ciary, Caqy» @and Cyyy depends on the
function of f;(C,, C,) and is difficult to obtain for the general
cases. To simplify the presentation of this new approach, we
only consider mixed-conducting oxide with an ideal behavior
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(fi=1). It should be pointed out that the approach reported
here is applicable to the mixed-conducting oxide with a non-
ideal behavior.

For mixed-conducting membranes with the oxygen vacancy
and electron hole as the mobile charged species, the oxygen
permeation process can be described by reactions B and C.
Considering the oxygen vacancy as species 1 and the electron-
hole as species 2, we can write Eq. 13 with Eq. 10 in the
following form with subscripts V and p replacing subscripts 1
and 2 (note z,=2 and z,=1):

SC (C,+4Cy) Dy,

1
Jy=—= 2dC 15
v o 4CD+CD, " as)

L

Note f;=1 for species with an ideal behavior. With the same
notation, Eq. 14 can be written as:

2C,+C,=2C+C? (16)

Inserting Eq. 16 into Eq. 15 to eliminate C, and then integrating
Eq. 15 with respect to C, gives:

J ___Dva CV(]])"CV(I)
%7 2L \ 2D,-D,

CHDy—Dy)
(2DV_Dp)2

4Dy Cyany + D,Cpqyy
(17a)
4DyCyy+ DpCpq

or, with the Einstein’s relation, o,={(ZF*/RT) C:D;

RT

Jo:= S ar,— 1y

[ (Z’p - 1)(01/([() - Oy

+ (r,— 1)20%+46%r,) In M} (17b)
Gy + Opqy
with C?=2C/+ C} and r,=D,/D,. Note that in Eq. 17, Jo,
is the mole flux of molecular oxygen: Jo,= — 1/2J,. Equation
17 correlates the oxygen permeation flux to Cy;, and Cyyyy.
The surface reactions on the two interfaces of the mixed-
conducting membranes can be written in the following general
forms:

On interface I
1 . .
502+ Vo = O5+2h (B)
On interface 11
! .
05 +2h ::502+ Vs (F)

Physically, reaction E means that the molecular oxygen (in
the higher pressure side) is incorporated into the oxygen va-
cancy and releases two electron holes on interface I, and re-
action F means that the lattice oxygen, getting two electron
holes, becomes the molecular oxygen (in the lower pressure
side) by releasing one oxygen vacancy. In fact, the surface
reactions may involve many substeps, such as oxygen molecular
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adsorption, dissociation of adsorbed oxygen molecules, and
charge transfer, resulting in the existence of several interme-
diates (O3aqs.s Oags. and O 4, ) (Robertson and Michaels, 1987;
Boukamp et al., 1989b; van Hassel, 1990). If we neglect the
substeps in the surface reactions, and consider reactions E and
F as the elementary reactions, application of the mass action
law (Kingery, 1976) gives:

On interface 1

Jo, = KiCyyPo!* ~ K _,Cy (18)
On interface 11

Jo, =K _1Chin— KiCranPs,"? (19)

where K, and K_; are forward and backward reaction rate
constants for the surface (charge transfer) reactions E and F.
The lattice oxygen concentration is incorporated into rate con-
stant K_, as it is essentially a constant.

Equations 18 and 19 correlate the oxygen permeation flux
to the surface reaction rate constant, and Cyy, Cyany Cupps
Comy» Po,» and sz. If we consider several substeps for the
surface reactions and apply the mass action law to each
substep, we can in principle obtain the final equations which
correlate the oxygen permeation flux to the rate constants in
each substep, and Cyyy, Cvays Comyy Coanys P5,, and Pg, (see
Comparison with Experimental Data section). In such cases,
the final results can be very complicated, but the basic prin-
ciples shown here for the simpler case still apply. Equations
17-19 contain five variables (Jo,, Cvap Cranys Coryy Comry)- AD-
plication of Eq. 16 on the two interfaces will result in two
additional equations:

2CV(1) + Cp(l) = 2C3+ Cg (20)
ZCV(”) + Cp(") = 2C3+ C‘? (21)

The solutions of Eqs. 17-21, by eliminating Cyqy, Cyany, Cpys
and C,yy, give an implicit equation which correlates the oxygen
permeation flux to P(',I, P(')'z, the rate constants, and the mem-
brane thickness.

In the case that the electron, instead of electron hole, con-
tributes primarily to the electric conduction of an oxide mem-
brane, the surface reactions are:

On interface I:
%oz+ Vo +2e —0% Q)
On interface II:
1 . '
O’(‘y—~502+ Vo +2e H)

For the bulk diffusion transport (reactions B and D), we can
follow the same procedure as given above and derive the fol-
lowing equation for the oxygen permeation flux in the bulk
oxide:
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] _D"DV[s (Cvan— Cvry)
[T d

2L D,+2D,
2Cy—-C,)(D,—-Dy) n CoanD, +4CyaDy (222)
(D,+2D,)* CoyD, +4C Dy
or
RT
Jo,= m [ 32r, + D(avay — ovyy)
+ Q05— 4r,a%) (1 - r,) In 0 Tvan | ooy
Ony + Oy

with r,= D,/D,. Note that in this case, subscript » has replaced
subscript 2 and z,= — 1. Assuming that reactions G and H are
primary reactions, application of the mass action law for these
two surface reactions gives:

Jo,=K.CyyCiyPo* ~ K _, (23)
and

Joz = K—n - KnCVlll)Crnz(lI)P(;,zl/z
(24)

Again, solutions of Eqs. 21-24 together with the two equations
derived from Eq. 14 on interface I and II give another implicit
equation correlating the oxygen permeation flux to P(')Z, P{,’z,
the rate constants, and the membrane thickness.

The fundamental equations presented in this section show
that the oxygen permeation through a mixed-conducting solid
oxide depends on the driving force (oxygen partial pressures
in both sides), the electrochemical transport mechanism (elec-
tron or electron-hole conduction), the initial defect concen-
trations, the rate constants associated with each rate step, and
the oxide film thickness. It is difficult to find the explicit
expression correlating the permeation flux to those parameters,
as just mentioned. Thus for mixed-conducting dense mem-
branes, the dependence of the permeation flux on the oxygen
partial pressure and temperature is rather complex, depending
on the specific surface reaction steps and the values of the rate
parameters involved.

Oxygen Permeation Equations for Special Cases
Mixed-conducting membranes with a rate-limiting step

For the membranes with a thickness or small ionic and elec-
tron-hole conductivities, the diffusion in the bulk oxide be-
comes the rate-limiting step. In this case, assuming quasi-
equilibrium in the two surface reaction steps, Eq. 18 and Eq.
19 become:

K.CyyPS =K _,Cy) (25)
chvul)szl/z =K_ 1Cp2(u) (26)

Solution of Eq. 25 and Eq. 26, together with Eq. 20 and Eq.
21 gives four c’omp’;ex expressions correlating Cypy, Crvans Coqys
and C,q, to P, Po,, Cy, CF, K,, and K _,, respectively, which
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can be inserted into Eq. 17. The final result is an explicit, but
fairly complex equation.

The following equations similar to Eq. 25 and Eq. 26 can
be found from Eq. 23 and Eq. 24 for the membranes in which
the electron, not electron hole, contributes primarily to the
electronic conductivity:

K CyyCEyPo 2 =K _, en
K\ CrnCliyPo, =K _, (28)

An implicit equation can be derived which correlates the per-
meation flux to Po, and Po, and other parameters. In general,
for mixed-conducting membranes the dependence of the per-
meation flux on the oxygen partial pressure is complicated
even in the simpler cases that the diffusion in the bulk oxide
is the rate-limiting step.

For the very thin membrane with electron holes contributing
mainly to electronic conduction, the surface reactions may
become rate-limiting. In this case, C,gy = Cpany» Cvgy= Crqry. The
solution of Eq. 18, Eq. 19 with Eq. 20 (or Eq. 21) gives:

Jo, = a(Pg,* = Pg, ") (29)
with
K
a=1—6‘ [x—(8CW% +x%)"*+4CY 30)
and
K ’ ”
x=_.._2K‘_1 (Po,”+ Po,'?) €3))

For the very thin membranes with electrons contributing
primarily to electronic conduction, oxygen permeation flux
has the same form as of Eq. 29, but with a different «, as
given below:

K_,

“POAr P 42

x

The results presented here show that « decreases with increasing
oxygen pressure in the both cases.

Ionic-conducting membranes

For ionic conductors with small electronic conductivity con-
tributed primarily by electron holes, 6;> o,. With the Einstein’s
relation, it means:

CvDy>>C,D, (33)

In most ionic conductors, the concentration of the oxygen
vacancy is much larger than that of electron, that is:

Cy>>C, (34)
In this case, Eq. 15 is simplified to:
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1 Crany
Jy= - —S D,dC, 35)
Cuy

With Eqs. 20 and 21 and noting that Jo,= ~ J,/2, integrating
Eq. 35 gives:

1
Jo, =ED,,(C,,(1)— Cou) (36)

Applying relation 34 to Eq. 16 also gives: C,= C;. Thus, using
the following definitions:

K Co 172

Con= (Kl_‘y) Pg (37
K Co 172

Cp(ll)= (ﬁ) P(‘)/;u) (38)

and the surface parameter a:
a=K,C} (39)
Equations 18 and 19 can be written as:
Jo, = a(Po)” = Pt}y) (40)
and
Jo, = (P&~ Po,"?) @1
With the equilibrium relation, such as Eq. 25, it can be readily

shown that the electron-hole concentration at oxygen partial
pressure of 1 atm is:

K.CO 1/2
Y= <K‘CV> (42)
-1

Inserting Eq. 37 and Eq. 38 into Eq. 36 and using the Einstein’s
relation, as well as Eq. 42, we obtain the following equation
for the bulk electrochemical diffusion:

B
Jo=7 (PG~ Poj) (43)

Note 3= RTol/4F>.

Equation 40, Eq. 41, and Eq. 43 can be solved simultane-
ously to give an equation correlating the oxygen permeation
flux to Po,, P(','z, and the two rate constants, o, and c. It is
interesting to note that Eqs. 40, 41, 43 are similar to equations
proposed by Dou et al. (1985) or Bouwmeester et al. (1992).
However, the present analysis clearly shows the physical sig-
nificance of the surface parameter a, which is proportional to
the forward surface reaction rate constant for reaction E, as
given by Eq. 39. Furthermore, the surface parameter « is shown
to be the same for the both surface reactions. More impor-
tantly, « is independent of the oxygen partial pressure.

When the surface reaction is rate-limiting (smaller o and/
or larger 63/L), Py = Pom- Combination of Eq. 40 and Eq.
41 gives:
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2 2

o4 ’ ”
JOz=E(P0)/2_PO]/2) 44)

which means that permeation flux is proportional to Pg’. For

the rate-limiting step of diffusion in the bulk oxide, Py,
= P;, and Po,qy = P(','z. Equation 43 shows that the permeation
flux is proportional to P§*.

For ionic conductors with electrons being responsible for
the slight electronic conductivity, the following equation can
be derived by the procedure similar to the one for Eq. 36:

Joz=% (Coay — Cay) (45)
We also define:

Con= (Kﬁé—o) wPa,‘d;‘ (46)

Coay= (7(%) 1/2P5,l({f‘> @7

Inserting Eq. 46 and Eq. 47 into Eq. 45 and noting that C)
= (K_,/(K,CP)), we obtain the following for oxygen per-
meation through the bulk oxide:

0
RTa, 1/4

Jo,= L (Poyin— Poyiy 48)

Applying Eq. 46 and Eq. 45 to Eq. 23 and Eq. 24, we obtain
the following equations for the surface reactions:

K_ ,
Jo, =517 (Po)* = P&gy) 49)
O,(I)
K_ ”
Jo, == (PYn = Po,") (50)
Oy(t1)

Comparing the above two equations to Eq. 40 and Eq. 41, the
surface permeation parameter « in this case decreases with
increasing oxygen partial pressure.

Membranes with a reducing agent in low pressure side

In many cases, the permeate side of the dense oxide mem-
brane is filled with a reducing agent, for example, hydrogen
or methane. The oxygen permeates through the dense mem-
brane and reacts with the reducing agent on interface II. For
mixed conductors with electron hole primarily being respon-
sible for the electronic conductivity, the surface reaction on
interface II can be written as:

O5+2h +R(g)—RO(g) + Vi o
where R represents the reducing agent, which is involved in
the surface charge transfer reaction.

Similarly, using the mass action law for reaction I gives:

J=KRPRC,;2(1)—K-RPROCV(U) 6n
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Thus, solving Eqgs. 17, 18, 20, 21, and 51 simultaneously will
give an implicit function connecting the permeation flux to
P(')z, Pg, Pro, and the rate constants associated with different
rate steps.

For the ionic conductors, Cyq=Cy. Defining an oxygen
partial pressure P(','z in the permeate side as a value equilibrated
with P, and Pgg of the following chemical reaction:

we obtain:
Pro=K.PrPo," (52)

where K, is the equilibrium constant of reaction J. We also

define:
K_rCYK. fK Cy
Cp(ll)= '¢KV— &fu): "ﬁp&ﬁn (53)
R -

Inserting Eqs. 52 and 53 into Eq. 51 yields:

J=ap (P - Po") (54a)

ag=K,CYK _zPp (54b)
Equation 40, Eq. 43, and Eq. 54 govern the oxygen permeation
through the ionic-conducting membranes with a reducing agent
in the permeate side. It is important to note that in this case
the surface permeation parameter on interface II is different
from that on interface I.

Relationship between 0"-0"® exchange rate constant k,
and oxygen surface permeation parameter o

The 0'-0" isotope exchange between the solid phase and
gas phase has been employed to study the surface reaction rate
under equilibrium conditions (Steele et al., 1987; Boukamp et
al., 1989). In this method, an ionic-conducting solid oxide
(normally powder) with known surface area is first equilibrated
with an atmosphere containing one isotope of oxygen (for
example, O¥). At time zero, the atmosphere is changed to
another isotope of oxygen (for example, O¥) with the same
oxygen pressure, and the concentration of O or O in the
atmosphere is monitored as a function of time. The oxygen
exchange flux of O" (in moles of O) is correlated to the
exchange rate constant &, by (Steele et al., 1987; Boukamp et
al., 1989; Vinke, 1991):

Jexzks(Rgs_Rsls) (55)

where R,® and R.® are fraction of O'® in the gas phase and the
solid oxide, respectively.

Considering the surface charge transfer reaction as shown
by reaction E as being under the equilibrium conditions in the
isotope exchange experiment, we have the following equilib-
rium relation for the ionic conductors:

K\P§CY =k _,[O8]C; (56)
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where [Og] is the lattice oxygen concentration, and Py, is the
oxygen pressure in the atmosphere. For O'® exchange between
the gas phase and the solid oxide, it follows:

1 X
305+ Vo = (0" + 20 (K)

The O exchange flux is expressed by the mass action law as:
Jex=K\P’RPCY— k_ [O"[5C, (57

where [0"]5 is the concentration of O' in the lattice. Com-
bining Eq. 56 and Eq. 57 and noting that R!®=[0'"¥5/[0%]
give:

Jo= K COPSR,® ~ R (5%
Combining Eq. 58 with Eq. 55 and Eq. 40 indicates:
k= aPy? (59)

Equation 59 is significant in the sense that it theoretically
correlates the two experimentally measurable rate constants,
one measured under equilibrium conditions, and the other
under dynamic conditions. Since measurements of a by per-
meation method normally require very thin membranes, which
are difficult to fabricate, Eq. 59 suggests a method that is
based on the measurements of isotope exchange rate constant
k, of the powdered material, for measuring oxygen surface
permeation parameter c.

Comparison with Experimental Data

Experimental data ideal for the comparison are the oxygen
permeation fluxes through thin (preferably smaller than 50
pm) dense oxide membranes of different thickness measured
at different oxygen partial pressures and temperatures. How-
ever, it is well known that obtaining these data is very difficuit
because: (1) to fabricate gas-tight (but oxygen permeable) thin
(< 50 pm) mixed-conducting oxide membranes (supported on
porous supports) for the oxygen permeation measurements is
still a technical challenge; (2) high temperature (> 700°C) seal-
ing needed for the high temperature oxygen permeation meas-
urements (sealing dense-porous membrane composites) is still
an unsolved problem. As aresult, experimental data on oxygen
permeation through thin dense oxide membranes, especially
with different membrane thickness, are very scarce. Results of
the theoretical development presented in this article are com-
pared next with limited available experimental data to illustrate
the application of this new approach. It is not attempted to
explain all the experimental data reported in the literature, as
this is beyond the scope of this article.

Dou et al. (1985) measured oxygen permeation through cal-
cia-stabilized zirconia membrane (CSZ, an oxygen ionic-con-
ductor) of various thickness (500-2,000 um). They used the
empirical equations, Eqgs. 4 and 5, which have the following
solution (P(',Izz 0):

2 4L2 2 , 172
102=%&[<1+ = Po;”) -1 (60)
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Table 1. Constants of Oxygen Permeation through Calcia
Stabilized Zirconia Membrane at 1,230°C

ax 10°* Bx 10"
(mol/cm?-s-atm'"?%) (mol/cm-s-atm'%)
P(')z Model of Present Model of Present
(atm) Dou et al. Model Dou et al. Model
1.0 0.94 2.35 1.33 2.13
0.21 1.01 2.38 1.21 2.14

*« in Eq. 4 is 1/2 of « defined by Dou et al.

to describe the experimental data. At a given P(',Z, « and 8 were
obtained by regressing the experimental J,,, with Eq. 60 at three
different membrane thickness. The experimental data were well
fitted by Eq. 60. However, the fitted « increased and 8 de-
creased with decreasing P(',2 (see Table 1). This reflects the
empirical nature of the equations used to describe the exper-
iments. The results of this new theoretical development show
that Egs. 40, 41, and 43 are the equations consisting of con-
stants with physical significance for the permeation systems
studied by Dou et al. To ensure the accuracy of experimental
data, the oxygen permeation data at highest temperature
(1,230°C) and P, (0.21 atm, 1 atm) reported by Dou et al.
are compared with the new theoretical model, Eqs. 40, 41, and
43. The Powell hybrid method (Kahaner et al., 1989) was used
to solve the nonlinear algebraic equations (Eqs. 40, 41, and
43) to give Jo,=f(a, B, P(;z, L) (P(','Z=O). Values of the new
constants « and § were found by fitting Jo, (theoretical) with
Jo, (experimental) at three different thicknesses (500, 1,650,
1,940 pm). The method of quasi-Newton with line search (Ka-
haner et al., 1989) was employed in the nonlinear least-squared
regression.

The fitting results are presented in Figure 2 and Table 1. As
shown in Figure 2, the new model describes well the experi-
mental data. The parameters o and 8 found with this new
model are independent of Pcl,z, as given in Table 1. This is
consistent with the physical meaning of these two parameters
defined in the mechanism proposed for the development of
Egs. 40, 41, and 43.

12 —T
T =1230°C

THEORETICAL MODEL
EXPERIMENTAL DATA

©

(mol/cmzs)

P02=0‘21alm

J o
PN

OXYGEN PERMEATTION FLUX
-10
0

o R T |

0.01 0.1 1
MEMBRANE THICKNESS (cm)

Figure 2. Oxygen permeation through calcia stabilized
zirconia membrane: experimental data of Dou
et al. (1985) vs. theoretical model with physical
significance (Eqs. 40, 41, 43).
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Bouwmeester et al. (1992) reported excellent experimental
data on oxygen permeation through 25 mol % erbia-stabilized
bismuth oxide (BE25) membranes of three different thickness
(200, 700, 2,850 um). They employed the empirical equations,
Egs. 6-8, to analyze the experimental data. Although the ex-
perimental data can be well described by Eqs. 6-8, the order
5/8 on P(')2 and constant « in Egs. 6 and 8 do not have physical
meaning. Thus, the value 5/8 and constant « should be con-
sidered as the apparent order and permeation constant for the
surface reactions. With the new approach reported in this
article, it is possible to derive the oxygen permeation equations
for the permeation systems studied by Bouwmeester et al.
(1992).

As mentioned earlier, the surface reaction E may involve
several substeps. Thus, a possible mechanism for the surface
reaction in the oxygen permeation through the BE 25 mem-
brane consists of the following adsorption and charge transfer
reaction (on interface I):

K,
0, = 20, L)
K
O+ Vo = O5+2h M)

where O,4 indicates the adsorbed atomic oxygen on interface
1. Applying the mass action law to reactions L and M gives:

Jo,= K.Po,~ K _ [0, (61
Jo,=K.COul ~ K _Chy (62)

Inserting the following definition into Egs. 61 and 62:

Kc Ka 1/2 172
Coy= [r( X > Ccyl Pl (63)
Ka 1/2
0= (12) P 64
one obtains:
Jo,=¥(Po,~ Poaa) (65)
J 0,—« (P (l)i(zad) - P, (1)2(21)) (66)

where vy =K, the adsorption rate constant and:

Ka 172
a=Kc< ) CY=K,C}

K_

Similar reactions can be proposed for surface reactions on
interface II. The final results are:

Jo,=a (P(IJ;(ZH) - P(l)g(zdc)) 67)
Jo, =¥ (Poyee — Po,) (68)

Equations 65, 66, 43, 67, and 68 are the new model for oxygen
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Figure 3. Oxygen permeation through erbia stabilized
bismuth oxide membrane: experimental data
of Bouwmeester et al. (1992) vs. theoretical
model with physical significance (Egs. 64-67
and Eq. 43).

permeation through ionic-conducting BE 25 membranes. Note
that for very large v or small «, this model becomes identical
to the simplified model of Eqs. 40, 41, and 43.

The new model was compared with the experimental data
of Bouwmeester et al. (1992). Values of constants «, 8, and
+ in the new model were calculated by regressing the solution
of Egs. 65, 66, 43, 67 and 68 with experimental permeation
fluxes at five different P(l)2 (0.031, 0.069, 0.15, 0.40, 1 atm)
for the BE 25 membrane of 700 um thick. Again, same methods
reported by Kahaner et al. (1989) were used to solve the five
nonlinear algebraic equations [to give Jo,=f(a, 8, v, L,
P(;z, P(;'z)] and to perform the nonlinear least-squared regres-
sion (to obtain a, 8, ). In Figure 3, the calculated results are
compared with the experimental permeation data at three dif-
ferent temperatures. As shown in the figure, the new model
agrees well with the experimental results. The corresponding
values of «, 3, and # at three different temperatures are listed
in Table 2. Values of o and 8 obtained by Bouwmeester et al.
(1992) using the empirical model are also given in Table 2 for
comparison.

Although both the empirical model and the new model agree
well with the experimental data, the new model clearly illus-
trates the physical meaning of the rate steps and the associated
parameters. The rate constants ¢, 8, v can be well described
by the Arrhenius equation, as shown in Figure 4. The resulting
preexponential factor and activation energy for each rate con-

Table 2. Constants of Oxygen Permeation through Erbia Sta-
bilized Bismuth Oxide Membrane

ax 10%*
(mol/cm?-s-atm

Bx10°
{mol/cm-s-atm

yx 10

Y4 (mol/cm?-s-atm)

1/2)

Model of Present Model of Present Present

T (°C) Bouwmeester Model Bouwmeester Model Model
650 0.556 0.390 0.444 0.454 2.89
730 2.16 1.95 1.19 0.845 5.04
810 7.26 13.7 2.88 1.29 8.12

* The unit of « in the Bouwmeester model is mol/cm?-s-atm®”.
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Figure 4. Arrhenius plots of permeation rate constants
a, 8 and v in the theoretical model for erbia
stabilized bismuth oxide membrane.

stants are given in Table 3. It is expected that the activation
energy for the charge transfer reaction (reaction M) is larger
than that for bulk diffusion and adsorption of oxygen, which
is indeed so as shown by the data given in Table 3. The com-
parison between the new model and experimental data indicate
that both adsorption (or desorption) of oxygen and charge
transfer steps are important in the surface reactions for oxygen
permeation through the BE25 membranes.

The only published oxygen permeation data for thin (<50
um) dense oxide membranes appear to be those recently re-
ported by Lin et al. (1992) on electrochemical vapor deposited
yttria stabilized zirconia (YSZ) membrane. The experimentally
measured J,, ranges from 0.9-1.2x 108 mol/cm?-s for 5 um
thick YSZ membrane at 1,000°C (Pg,=0.03 atm, Pg, =107
atm). Because of the unavailability of « value for YSZ mem-
brane, it was previously attempted to use « value of Dou et al.
(1985) for CSZ membrane to describe the permeation flux (Lin
et al., 1990). A simple calculation using a =2.35 for CSZ mem-
brane (see Table 1) shows that in this case the surface reaction
would be the rate limiting step for 5 um thick YSZ membrane,
with a predicted Jo, of about 2.0 10 '* mol/cm’-s. This could
not explain the experimental data.

However, the theoretical result (Eq. 59) suggests that the
surface permeation parameter o can be calculated from the
0'%-0" exchange coefficient k,. Gellings and Bouwmeester
(1992) reported &, of about 9% 107" mol/cm?-s for YSZ at
700°C and P,,=0.21 atm, which gives about 2x 107° mol/
cm?-s -atm'? for « using Eq. 59. A value of 5x 1077 mol/
em’-s -atm'? for o at 1,000°C for YSZ can be calculated using
the activation energy of 191 kJ/mol (the same as for CSZ

Table 3. Preexponential Factor and Activation Energy for
Rate Constants «, 8, and y for Oxygen Permeation through
Erbia Stabilized Bismuth Oxide Membrane

Preexponential Factor Activation Energy

10" prrrmmrr ey

F E

108 | 3

n F 3
g o 3
NE . t :
3 107 .
E E 3
S s 3
& - THEORETICAL MODEL 1
1010 L |

E ®  EXPERIMENTALDATA

1 0-11 ETRTTTN EEPETETTTY BT BT TT R TV PRI

0.01 1 100 10000
THICKNESS (um)

Figure 5. Dependence of oxygen permeation flux on the
membrane thickness for yttria stabilized zir-
conia membranes, predicted from experimen.
tal « and B values.

Experimental oxygen permeation data for ultrathin YSZ mem-
brane prepared by Lin et al. (1992) are consistent with the the-
oretical model.

reported by Dou et al., 1985; similar to that for BE 23, see
Table 3). Furthermore, 8 value of 1.6 x 10" mol/cm-s-atm'’
4 for YSZ at 1,000°C can be found from electron-hole con-
ductivity data (o0 = 5.8 x 10~ ohm ~'-cm~'-atm %) (Park and
Blumenthal, 1989). With these values of « and 8, theoretical
value of Jo, were calculated using Eqs. 40, 41, and 43, and are
plotted against different thickness in Figure 5. The experi-
mental data of Lin et al. (1992) are also given in Figure 5,
which shows a good consistency between the experimental data
and predicted data using the o value calculated from 4,. Also
Gellings and Bouwmeester (1992) reported k; values for BE25
at 600°C and 800°C. « values, calculated from k; using Eq.
59, range from 2.69% 10~° (at 600°C) to 1.22x 1077 (800°C)
mol/cm?-s-atm"?2, which are consistent with the (apparent) o
values measured by oxygen permeation method (see Table 2).

Conclusions

e A new theoretical approach different from the conven-
tional Wagner method was presented for the development of
fundamental equations governing oxygen permeation through
thin ionic-electronic mixed conducting solid oxide membranes.
Both the bulk diffusion and the surface reactions were con-
sidered in this theoretical development. In general cases, the
final result is an implicit equation correlating the oxygen per-
meation flux to the driving force, membrane thickness, and
rate constants in each step with physical significance.

e For a mixed-conducting membrane with both bulk dif-
fusion resistance and surface reaction resistance, the depend-
ence of the oxygen permeation flux on oxygen partial pressure,
membrane thickness, and temperature is fairly complex, de-
pending on the detailed mechanism in the surface reactions

o for Charge 91.72 mol/cm?-s-atm'”? 184 kJ/mol and values of the rate parameters involved. This dependence
Transfer can be predicted using the fundamental equations presented.

B for Bulk  5.66x 107" mol/cm-s-atm'*  54.6 kJ/mol e Application of these fundamental equations to some spe-
Diffusion cial cases (mixed-conducting membranes with a rate-limiting

¥ for 3.14x107* mol/cm’-s -atm 53.7 kJ/mol step, ionic-conducting membranes, ionic-conducting mem-
Adsorption branes with a reducing agent) leads to simpler equations cor-
AIChE Journal May 1994 Vol. 40, No. 5 795



relating oxygen permeation flux to the driving force, membrane
thickness, and rate constants with physical significance.

¢ It was shown that for ionic conductors the surface per-
meation parameter measured by dynamic oxygen permeation
method, «, is directly related to the O'®-0' exchange rate
constant measured under equilibrium conditions, k,, which is
k= oeP(l,?.

® The oxygen permeation equations derived using this the-
oretical approach were compared with experimental permea-
tion data and the theoretical results agree well with the
experimental data. With this approach, it is possible to find a
detailed surface reaction mechanism by comparing the per-
meation flux equation, derived from an assumed mechanism,
with the experimental permeation data.
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Notation
a; = activity of i species
C; = concentration of / species
C? = concentration of / species in solid oxide equilibrated to an
atmosphere having 1 atm oxygen partial pressure
D, = apparent diffusion coefficient, Eq. 9
D; = diffusion coefficient of i species
e’ = electron
f; = thermodynamic factor of i species, Eq. A10
F = Faraday’s constant
K® = electron hole
J.. = exchange flux of O;®
J; = flux of i species
k_; = backward reaction rate constant
k, = 015-0}® exchange rate constant
K, = forward reaction rate constant for surface reaction E, Eq.
18
K_, = backward reaction rate constant for surface reaction in-
cluding lattice oxygen concentration for surface reaction E,
Eq. 18
K, = forward reaction constant for adsorption, Eq. 61
K_, = backward reaction constant for adsorption, Eq. 61

K. forward reaction constant for charge transfer reaction, Eq.
62

= backward reaction rate constant for charge transfer reaction

including lattice oxygen concentration, Eq. 62

equilibrium constant of reaction J

forward reaction rate constant for surface reaction G, Eq.

23

backward reaction rate constant for surface reaction G, Eq.

23

Kp = forward reaction rate constant for surface reaction with

reducing agent, Eq. 51

.*
|

5
1

K_z = backward reaction rate constant for surface reaction with
reducing agent, Eq. 51
L = film thickness
0O = lattice oxygen
[03] = lattice oxygen concentration
Pj, = oxygen partial pressure at retantate side (higher pressure
side)
P5, = oxygen partial pressure at permeate side (lower pressure
side)
Pg, = partial pressure of the hypothetical neutral molecular ox-
ygen
Po,aqy = quantity related to the concentration of adsorbed oxygen

on interface I, Eq. 65

Py, = quantity related to the concentration of adsorbed oxygen
on interface II, Eq. 67

Po,y = quantity related to C,, or C,,, defined by Egs. 37 and 46
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Poyy = quantity related to Cyypy or Cyyy, defined by Eqs. 38 and 57
or Eq. 53

R = gas constant
¢; = transfer number of ion
t, = transfer number of electron
T = temperature
Vo' = oxygen vacancy
z; = charge number of / species

Greek letters

a = surface permeation constant
B = bulk permeation coefficient, Eq. 3
w; = chemical potential of i species
vu, = chemical potential gradient
o; = conductivity of i species
o) = conductivity of i species in metal oxide exposed at an at-
mosphere having 1 atm oxygen partial pressure
g, = total conductivity
V¢ = electric field gradient
Subscripts
ad = for oxygen adsorbed on interface I
de = for oxygen adsorbed on interface Il
g = for gas phase
n = for electron
0O, = for neutral molecular oxygen
» = for electron hole
R = for reducing agent
s = for solid phase
V = for oxygen vacancy
(I) = for interface I (higher pressure side)
(II) = for interface I (lower pressure side)
Superscripts
x = for neutral species
’ = for negative charged species
- = for positive charged species
0 = for membrane equilibrated with the atmosphere of 1 atm

oxygen partial pressure
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Appendix: Equations for Bulk Diffusion in Dense
Oxide Membranes

The particle fluxes of the two charged species can be de-
scribed by (Heyne, 1977; Kofstad, 1972):

a
Jy= —Zf—Fl-z(Vm+z1FV¢) (AD)

4]
Jy= _EF(VM'*‘ZZFVQ” (A2)

where V¢ is the electric field gradient, and v, and z; are
chemical potential gradient and charge number for the charged
species i (i=1, 2). For membrane, there is no external current,
so the following correlation applies at steady state:

Z111+ZZJ2=0 (A3)

combination of Eqs. A1-A3 yields:

9,02 z
Ji=———s{Vyy——V A4
1 (0,+02)212F2< Hy % #2> (A9

In the Wagner theory, a quasi-equilibrium is assumed between
the electron (charged species 2), oxygen ion (charged species
1), and neutral oxygen (that is, 1/2 O,=0~ - 2¢), so:

1
3 Vo, = Vi —2Vu, (A5)

Substituting Eq. AS into Eq. A4 gives:

0,02

Jy= ——2
1= T8 + ot L PO

(A6)

Noting that Jo,=J,/2 in this case and ¢, =0,/0, and t,=0,/0,,
Eq. A6 is identical to Eq. 1 for oxygen permeation in one-
dimensional membrane system.

For general cases, the conductivity and chemical potential
can be correlated to the concentrations and diffusivities of the
charged species by:

ZF?
0;==——C;D; (Einstein’s relation) (A7)
RT
and
RT{dIn a;
Vlii—?’_(a n C,-) vG (A8)

with these equations we can rearrange Eq. A4 to:

2
z,C.:D,C,D v 7 VG
201D, Cal)s ( 1 f2_1 2) (A9)

J = - —
! Z%C1D| +Z§C2D2 C] Zz CZ

where
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L= ! (=1
f=3meg U=tord

(Al10)

and is called the thermodynamic factor (Heyne, 1977). In gen-
eral, f; is a function of C, and C;. It becomes unity for ideal
behavior.

For oxygen permeation through the oxide membrane at
steady state, local electric neutrality is required in the bulk
oxides. Mathematically, it means that the change of the con-
centration of the two mobile charged species should be cor-
related by:

@@ o (Al1)
dc, Zi
Equation All also gives:
2C +2,C,=2,C + 2,C5 (A12)

where C? and C? are the equilibrium concentrations of the two
mobile charged species when the oxide membrane is equili-
brated to an ambient atmosphere of 1 atm oxygen partial
pressure. Values of C} and C? depend on the mechanism of
defect formation of the oxide membrane. For defect formation
reaction A, the equilibrium oxygen vacancy concentration is
about half of the doped yttrium concentration:

l ’
C‘&zEIYzJ (A13)
Equation All can be also written as:
21
VCy=—-=V(C (Al4)
22

Substitution of Eq. Al4 into Eq. A9 gives Egs. 9 and 10.
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